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Abstract
We study holographic entanglement entropy in four-dimensional quantum gravity
with negative cosmological constant. By using the replica trick and evaluating path in-
tegrals in the minisuperspace approximation, in conjunction with the Wheeler-DeWitt
equation, we compute quantum corrections to the holographic entanglement entropy
for a circular entangling surface on the boundary three sphere. Similarly to our previ-
ous work on the sphere partition function, the path integrals are dominated by a replica
version of asymptotically AdS conic geometries at saddle points. As expected from a
general CFT argument, the final result is minus the free energy on the three sphere
which agrees with the logarithm of the Airy partition function for the ABJM theory
that sums up all perturbative 1/N corrections despite the absence of supersymmetries.
The all-order holographic entanglement entropy cleanly splits into two parts, (1) the
1/N -corrected Ryu-Takayanagi minimal surface area and (2) the bulk entanglement
entropy across the minimal surface, as suggested in the earlier literature. It is explic-
itly shown that the former comes from the localized conical singularity of the replica
geometries and the latter from the replication of the bulk volume.
†shinji.hirano@wits.ac.za
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1 Introduction
There is a growing belief that the key to the understanding of quantum gravity is to decode
the connection between geometry and information theory [1, 2]. The precursor of this idea
was seeded in the earlier works on eternal black holes [3] and holographic entanglement
entropy [4] in the framework of the AdS/CFT correspondence [5] – a concrete realization of
holography [6, 7].
In this work, we focus on one aspect of it and wish to add new data to the understanding of
holographic entanglement entropy (HEE) proposed by Ryu and Takayanagi (RT) [4] (which
was further developed into a covariant form in [8]. See [9] for a proof of the RT conjecture,
[10] for an overview of HEE and [11] for its potential roles in the connection between geometry
and information theory.) In particular, we provide an example of quantum gravity or 1/N
corrections to holographic entanglement entropy. Despite the fact that the general structure
of quantum corrections was proposed by Faulkner, Lewkowycz and Maldacena [12] (see also
[13, 14]), to our knowledge, little has been known about quantum corrections to HEE. Even
though our study is specific and rather formal, we hope that this work provides useful data
for a more physical and universal understanding of quantum HEE.
We consider the AdS4/CFT3 correspondence as a specific example and adopt the path
integral method, in conjunction with the Wheeler-DeWitt equation, to four-dimensional
quantum gravity with negative cosmological constant. This is based on a similar method
employed in the earlier works in the context of quantum cosmology [15, 16] and the same
approach was applied to our previous work on the S3 partition function [17]. In order
to compute quantum corrections to HEE, we use the replica trick and thereby generalize
our previous work to the case of replica geometries.1 More specifically, we compute the
entanglement entropy for a circular entangling surface on the boundary three sphere. The
path integrals are evaluated in the minisuperspace approximation and reduce to a sum over
saddle point geometries, which are a replica generalization of asymptotically AdS conic
geometries, in a similar way to the case of the S3 partition function.
As expected from a general CFT argument, the final result (4.3) is minus the free energy
on the three sphere which agrees with the logarithm of the Airy partition function for the
ABJM theory [20, 21] that sums up all perturbative 1/N corrections [22, 23] despite the
absence of supersymmetries. The all-order holographic entanglement entropy cleanly splits
into two parts, (1) the 1/N -corrected Ryu-Takayanagi minimal surface area (4.5) and (2)
the bulk entanglement entropy across the minimal surface (4.11), as suggested in [12]. It is
explicitly shown that the former comes from the localized conical singularity of the replica
geometries and the latter from the replication of the bulk volume.
The organization of this paper is as follows: In Section 2 we review the path integral
method, in particular, the evaluation of the path integrals in the minisuperspace approxi-
1A similar method was later used in the study of TT deformations in various dimensions [18] and the T T¯
deformation and quantum HEE in AdS3/CFT2 [19]. The latter work has some overlap with the idea of this
work.
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mation, used to compute the S3 partition function in our previous work [17]. Within this
framework, we also provide an alternative and complementary approach using the Wheeler-
DeWitt equation to bolster the weakness of the path integral method. In Section 3, in order
to set up the computation of quantum corrections to HEE by the replica trick, we generalize
the S3 partition function to the replica case, i.e. the partition function for the boundary
n-tiply wound three sphere. In Section 4 we compute the all-order quantum HEE in the
expasion of Newton’s constant GN , or equivalently, 1/N
2. We then distill the two distinct
contributions; the quantum-corrected Ryu-Takayanagi minimal surface area and the bulk
entanglement entropy across the minimal surface. In Section 5 we summarize our results
and end with some discussions on the results and the future directions. Some of the technical
details are relegated to Appendices A and B.
2 Review of S3 partition function from path integrals
The computation of quantum HEE in this paper is a generalization of our previous work
on the sphere partition function [17]. We thus first review the path integral method in our
previous work used to calculate the S3 partition function.
2.1 Minisuperspace approximation
In the path integral approach to 4d quantum gravity, we integrate over all Euclidean metrics
with a boundary condition of our interest, i.e. the S3 boundary. We apply the method used
in quantum cosmology [15, 16] to asymtotically AdS spaces with the round S3 boundary.
In the Arnowitt-Deser-Misner (ADM) decomposition the general metric can be parametrized
as [24]
ds2 = L2dr2 + γµν (dx
µ + Sµdr) (dxν + Sνdr) , (2.1)
where r is the radial coordinate and xµ are the coordinates of the 3d Euclidean space.
L(r, xµ) and Sµ(r, xµ) are the lapse and shift functions, respectively, and γµν(r, x
µ) is the 3d
metric. Unlike the standard ADM decomposition, the radial coordinate r plays the role of the
Euclidean time. Thus the Cauchy surfaces are “timelike” so that the ADM decomposition is
adapted to the holographic study. We now decide for ourselves to work in the mimisuperspace
approximation. Namely, we restrict the space to be spherically symmetric:
ds2 = L2(r)dr2 + a2(r)dΩ23, (2.2)
where a(r) is the scale factor and dΩ23 is the metric on the round S
3. It should be noted
that this is a bold approximation to make. It is far from obvious if and how accurately
it can encapsulate quantum gravity effects. As we will see, however, the result provides a
posteriori justification and strongly suggests that the minisuperspace approximation works
surprisingly well in this case.
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The path integrals require a careful treatment involving gauge fixing and ghosts even in
the minisuperspace approximation. (See e.g. [15] for details.) Fortunately, it is well-known
that after these steps are taken, one is left with path integrals over the laps L(r) and the
scale factor a(r),
Z =
∫
DL
∫
Dae−SE [L,a] (2.3)
where
SE[L, a] = SEH + SGH + Sct (2.4)
is the regularized finite action, as we will elaborate on below. The Euclidean action SEH
with negative cosmological constant is the standard 4d Einstein-Hilbert action and SGH
is the Gibbons-Hawking-York boundary term [25, 26]. (See Appendix A for details and
conventions.) For the metric (2.2), after we integrate over the S3 coordinates, the action can
be written as
SEH + SGH = − V3
8piGN
∫
drL
[
3a
(
1 +
a′2
L2
)
− Λa3
]
, (2.5)
where V3 = 2pi
2 is the area of the unit 3-sphere and the cosmological constant Λ = −3/`2
with the AdS radius `.
The next important step is to transform the “kinetic term” of the scale factor into the
canonical form. This is a well-known step in the study of the Hartle-Hawking wave function
for the de Sitter space [27, 16], and it proves to be crucial in our discussion too. This
transformation is done in two steps: First, we rescale the laps function L → L/a and then
introduce a new variable q = a2 so that the action becomes
SEH + SGH = − 3V3
8piGN`2
∫
dr
[
`2q′2
4L
+ L
(
q + `2
)]
. (2.6)
This is our main object in the following analysis and the gravitational path integrals are over
the laps L and q. In terms of the new variable, the metric takes the form
ds2 =
L(r)2
q(r)
dr2 + q(r)dΩ23 . (2.7)
Meanwhile, the last term Sct in (2.4) is the boundary counter-term action to cancel di-
vergences coming from the near-boundary contributions [28, 29, 30]. It is a local action
composed of the induced boundary metric and given by (A.14) in Appendix A. In the min-
isuperspace approximation it reads
Sct =
V3
8piGN`
(
2q3/2∞ + 3`
2q1/2∞
)
(2.8)
at the cutoff boundary q = q∞  `2. This completes a brief account of the minisuperspace
approximation.
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2.2 The S3 partition function
As shown in our previous work [17], remarkably, the 4d pure Einstein gravity in the minisu-
perspace approximation suffices to reproduce the Airy function in the S3 partition function
of the ABJM theory at strong coupling [22, 23].2
From the recap in Section 2.1, the sphere partition function in the minisuperspace ap-
proximation is given by
ZG(S
3) =
∫
DL
∫
Dq exp
[
3V3
8piGN`2
∫
dr
(
`2q′2
4L
+ L
(
q + `2
))− Sct] . (2.9)
As an important remark, we have not specified what exactly we mean by the integration
measure Dq. This point will be clarified along the way. Now, we choose the gauge in which
the lapse L is a constant [15, 16]. Our strategy is to first perform the q-integral in the
saddle point approximation. Since the Lagrangian does not explicitly depend on “time” r,
the saddle point equation is given by the “energy” conservation:
E =
`2
4L2
q′2 − q − `2 . (2.10)
By setting E = q0 − `2, the saddle point equation is solved to
q =
(
L(r − r0)
`
)2
− q0 , (2.11)
where r0 is an unphysical constant corresponding to the origin of “time”, which can be
shifted away, whereas q0 is a parameter that characterizes each saddle point. We thus have
a series of saddle point geometries labeled by q0. They are asymptotically AdS4 with the
round S3 boundary. Except for q0 = `
2, they are generically conic and off-shell in the sense
that they do not satisfy the Hamiltonian constraint, and there is a curvature singularity at
the tip of the cone q = 0 as shown in Figure 1. At any rate, the path integrals of the sphere
partition function are essentially reduced to the sum over all the saddle point geometries,
i.e. the integral over q0.
3
2There has been great progress in the understanding of the S3 partition function and Wilson loops in the
ABJM theory thanks to the localization techinique [31, 32]. The Airy partition function, including higher
derivative corrections, has also been reproduced by numerical studies [33, 34]. Moreover, non-perturbative
corrections in the 1/N expansion have been well understood to a remarkable degree [35, 36, 37]. In the case
of k = 1, 2 when SUSY enhances to N = 8, the fully nonperturbative exact partition function has been
found in [38].
3The metric near q = 0 takes the form ds2 ' 2L`/√q0
(
du2 + au2dΩ23
)
with a = 2L`−1
√
q0. For q0 6= `2,
the constant a differs from 1 and there is thus a curvature singularity R ∼ 1/u2 at q = 0. This singularity,
however, is harmless and admissible in the sense that
√
gR ∼ u and the minisuperspace action is finite.
Moreover, as we will see, q0 = `
2 is the saddle point of the q0-integral and we will argue that an appropriate
choice of the integration contour is to deform it away from the real axis at q0 = `
2. Thus the curvature
singularity is avoided altogether along the complexified q0-contour.
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Figure 1: The saddle point geometries: The left represents generic off-shell conic geometries
with q0 6= `2 that do not satisfy the Hamiltonian constraint. There is a curvature singularity
at the tip of the cone q = 0. The right corresponds to the special point q0 = `
2 that is
on-shell and Euclidean AdS4.
It is now straightforward to find the saddle point action
S0 =
3V3
8piGN`
∫ q∞
0
dq
[
q0 − `2
2
√
q + q0
−√q + q0
]
= − 3V3
8piGN`
[
2
3
q
3
2∞ + `2q
1
2∞ +
1
3
q
3
2
0 − `2q
1
2
0
]
. (2.12)
The cutoff q∞-dependent divergences are precisely cancelled by the counter-term action Sct
in (2.8). The sphere partition function, within our approximations, thus yields
ZG(S
3) '
∫
DQ
∫
[dq0] exp
[
3V3
8piGN`
(
1
3
q
3
2
0 − `2q
1
2
0
)
+
3V3
32piGN
∫
dr
Q′(r)2
L
]
, (2.13)
where Q(r) is the fluctuation of q(r) about the saddle point. By introducing a new variable
a0 via
q0 = `
2a20 , (2.14)
we shall choose the integration measure to be [dq0] ∝ da0. This will be justified a posteriori
by requiring the consistency with the Wheeler-DeWitt equation, as will be discussed in
Section 2.3. As an upshot, with this choice of the measure, we obtain
ZG(S
3) ∝ 1
2pii
∫
C
da0 exp
[
3V3`
2
8piGN
(
1
3
a30 − a0
)]
∝ Ai
[(
3V3`
2
8piGN
) 2
3
]
. (2.15)
We chose a contour C for which the exponentially growing component of the Airy function
Bi(z) is absent as shown in Figure 2. However, for example, in the de Sitter case, both the
Hartle-Hawking [27] and Vilenkin [39] wavefunctions have the Bi(z) component. In our case,
the AdS/CFT lends strong support for this particular choice of the contour C. Note that
the saddle point geometries are complexified along C.
As the main result of [17], it should be stressed that the minisuperspace partition function
(2.15) is precisely the Airy function [22, 23] that appears in the S3 partition function of the
ABJM theory at large λ via the AdS/CFT dictionary, 3V3`
2/(8piGN) = piN
2/
√
2λ, where
N is the rank of the gauge groups and λ = N/k is the ’t Hooft coupling of the N = 6
U(N)k × U(N)−k Chern-Simons-matter theory.
A few further remarks are in order: (1) The saddle point parameter a0 is identified with
the chemical potential µ of the grand partition function of the ABJM theory [23]. (2) With
6
Figure 2: The contour C of the a0 integration: It goes to infinity at angles ±pi/3 and passes
through the saddle point a0 = 1 (of the saddle point geometries) on the real axis. This selects
the Airy function Ai(z). The parameter q0 = `
2a20 of the off-shell saddle point geometries is
complexified along C.
the prescription Q → iQ, the integral over Q(r), upon regularization, yields an irrelevant
constant factor. (3) In the case of the ABJM theory, the rankN is shifted toN−k/24−1/(3k)
in the partition function [22, 23]. This cannot be accounted for in our approximations, since
they are due to higher curvature corrections [40, 41].
This result may suggest that supergravity path integrals localize to the minisuperspace in
highly symmetric cases. It is, however, not clear how this can be related to the supergravity
localization in [42].
2.3 Wheeler-DeWitt equation
It is expected that the partition function is a solution to the Wheeler-DeWitt (WDW)
equation. This can also be thought of as an alternative and simpler way to find the partition
function. However, it is not as obvious as it may seem how exactly the “wavefunction of the
universe” is identified with the S3 partition function.
The Hamiltonian constraint for the minisuperspace action (2.6) yields the WDW equation
(A.18) as shown in Appendix A:[
d2
dq2
− 9pi
2
16G2N`
2
(
q + `2
)]
ΨWDW(q) = 0 (2.16)
in the unit ~ = 1. This is the Airy equation and solved to
ΨWDW(q) = C1Ai
[(
3pi`2
4GN
) 2
3 (
`−2q + 1
)]
+ C2Bi
[(
3pi`2
4GN
) 2
3 (
`−2q + 1
)]
. (2.17)
Thus we see that by choosing C2 = 0, the S
3 partition function is related to the wavefunction
by
ZG(S
3) ∝ ΨWDW(0) . (2.18)
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This provides a concrete realization of the idea that the CFT partition function is a solution
to the WDW equation as suggested in [43, 44].
In order to understand the relation between Ψ(q) and the S3 partition function for a
generic q, we go back to the saddle point action (2.12) and cut off the space at a finite q,
instead of going all the way down to q = 0, as shown in Figure 3:
S0 −→ S0(q) = − 3V3
8piGN`
∫ q∞
q
dq′
[√
q′ + q0 − q0 − `
2
2
√
q′ + q0
]
= − 3V3
8piGN`
[
2
3
q
3
2∞ + `2q
1
2∞ +
1
3
Q
3
2
0 − (q + `2)Q
1
2
0
]
, (2.19)
where we introduced the shifted parameter Q0 = q0 + q. Integrating over Q0, the cutoff S
3
partition function is found to be
ZG(S
3; q) ∝ Ai
[(
3V3`
2
8piGN
) 2
3 (
`−2q + 1
)] ∝ ΨWDW(q) . (2.20)
Since the radial scale q corresponds to the energy scale of the dual CFT, we can interpret q
as an IR cutoff in the CFT and the “wavefunction of the universe” ΨWDW(q) as the IR-cutoff
S3 partition function, in which only the modes above the energy scale q are integrated out.
Figure 3: The IR cutoff saddle point geometries: The space is cut off at a finite q (indicated
by a red line) corresponding to an IR cutoff in the dual CFT, in addition to the UV cutoff
at q = q∞.
As alluded in the previous sections, the choice of the q0-integration measure, [dq0] ∝ da0
stated below (2.14), is consistent with the WDW equation and this serves as a justification
for our choice of the integration measure.
3 Replica generalization
To apply the path integral method to the computation of holographic entanglement entropy,
we are going to make use of the replica trick. Namely, we generalize the reviewed analysis
of the S3 partition function to the case of the multi-covered S3 boundary, which we shall
denote by S3n.
We parametrize the round S3 by
dΩ23 = cos
2 θdφ2 + dθ2 + sin2 θdλ2 with θ ∈ [0, pi/2] , φ ∼ φ+ 2pi , λ ∼ λ+ 2pi . (3.1)
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The replica S3n of the boundary S
3 is obtained by winding the λ-circle n times round, i.e.
λ ∼ λ + 2npi. This creates a conical singularity at θ = 0 and suitable for the circular
entangling surface along the φ-circle located at θ = 0, as shown in Figure 4.
Figure 4: The (multi-covered) round S3n and the entangling surface: The circular entangling
surface is the φ-circle located at θ = 0 indicated in red. The λ-circle winds around n times,
λ ∼ λ + 2npi, for the n-covered S3n, and there is a conical singularity at θ = 0 where the
entangling surface is located.
The bulk replica geometries are described by the metric
ds2n =
L2dr2
q(r)
+ q(r)dΩ23,n , (3.2)
where dΩ23,n is the metric on the boundary replica sphere S
3
n with λ ∼ λ + 2npi and a unit
radius. Note that the scalar curvature of the replica S3n has a δ-function singularity at θ = 0
and is given by
R3 = 6 +
2
sin θ cos θ
(
1
n
− 1
)
δ(θ) , (3.3)
which was computed, for example, in [45] and in a more similar context [46, 47]. Now, using
the results in Appendix B, we find the replica minisuperspace action
SEH + SGH = − 3nV3
8piGN`2
∫
dr
[
`2q′2
4L
+ L
(
q +
`2
3
(
1 +
2
n
))]
. (3.4)
This generalizes the S3 case (2.6) to the replica S3n. The saddle point equation (2.10) is
unchanged and thus the saddle point geometries are given by the same q(r) as that in the
S3 case (2.11). Comparing the S3 case (2.6) and the replica case (3.4), the net effects are
(1) the replication of the bulk volume by a factor of n and (2) a shift of the variable `−2q by
`−2q + 1 → `−2q + 1 + 2
3
(
1
n
− 1
)
. (3.5)
This implies that the cutoff S3 partition function (2.20) is generalized to
ZG(S
3
n; q) ∝ Ai
[(
3nV3`
2
8piGN
) 2
3
(
`−2q + 1 +
2
3
(
1
n
− 1
))]
. (3.6)
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Note that this is also the “wavefunction of the universe” ΨWDWn(q) for the replica S
3
n bound-
ary, as can be seen from the straighforward generalization of the discussion in Section 2.3.
Hence, we find the replica S3n partition function to be
ZG(S
3
n) ∝ Ai
[(
3nV3`
2
8piGN
) 2
3
(
1 +
2
3
(
1
n
− 1
))]
. (3.7)
It should be stressed that the effect (1) is a bulk effect and (2) is a localized effect due to
the conical singularity of the replica geometries. We will elaborate on this point in the next
section.
4 Quantum holographic entanglement entropy
We are now in a position to compute quantum corrections to holographic entanglement
entropy for the circular entangling surface shown in Figure 4. For this special entangling
surface, the entanglement entropy (EE) can be found, via the replica trick, by the formula
SEE = − ∂
∂n
log
ZG(S3n)
ZG(S3)n
∣∣∣∣
n=1
, (4.1)
where the round sphere S3 = S31 . Here we introduced the normalized partition function
ZG(S3n) = Ai
[(
3nV3`
2
8piGN
) 2
3
(
1 +
2
3
(
1
n
− 1
))]
. (4.2)
Strictly speaking, the minisuperspace path integrals (2.13) do not categorically explain why
there does not arise a normalization factor dependent on `2/GN . This is a weakness of our
approach. However, in conjunction with the WDW equation (2.16) and its straightforward
generalization to the replica geometry, it is consistent and judicious to conclude that such a
factor is absent.
The replica formula (4.1) then yields
SEE = −
(
3pi`2
4GN
) 2
3
 2
3︸︷︷︸
bulk
− 2
3︸︷︷︸
local
 Z ′G(S3)ZG(S3) + logZG(S3)︸ ︷︷ ︸
−F (S3) & bulk
= −F (S3) . (4.3)
As expected from a general CFT argument [48], the entanglement entropy is minus the free
energy F (S3) on the three sphere. It is worth emphasizing that this is a result to all orders
in the 1/N expansion: In the ABJM parametrization, it is expressed as
SEE = log Ai
[(
piN2√
2λ
) 2
3
]
. (4.4)
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As remarked above and suggested in the earlier literature [12], this consists of two kinds
of contributions: One is the bulk entanglement entropy across the Ryu-Takayanagi (RT)
minimal surface and the other is the quantum-corrected RT minimal surface area localized
at θ = 0. The first 2/3 term in (4.3) is due to the factor n2/3 in the bulk volume factor in
(3.7), whereas the second 2/3 term is due to 2/3 ·1/n in (3.7) which stems from the localized
singularity at θ = 0.
We are first going to discuss the latter and then turn to the former. In addition, we
will reinstate the q∞-dependent terms and show that the bare divergent contribution to the
entanglement entropy is precisely that of the RT minimal surface.
4.1 Quantum Ryu-Takayanagi minimal surface area
As indicated in (4.3) and explained above, the part of the entanglement entropy localized at
θ = 0 is expected to be the quantum-corrected RT minimal surface area (divided by 4GN):
SqRT = AqRT
4GN
=
2
3
(
3pi`2
4GN
) 2
3 Z ′G(S3)
ZG(S3) . (4.5)
We are now going to show that this is indeed the case. In order to do so, we shall first find
the minimal surface and then compute the quantum average of the minimal surface area.
Technically speaking, the minimal surface coincides with the string worldsheet dual to a
1/2-BPS Wilson loop studied in our previous work [17].4
Since the boundary of the minimal surface is the φ-circle at θ = 0, the induced metric on
the minimal surface is given by5
ds22d =
L2
q(r)
dr2 + q(r)dφ2 . (4.6)
This is the 2d subspace at θ = 0 of the 4d space (3.2) with n = 1, i.e. the S3 boundary as
illustrated in Figure 5. The minimal surface area in the saddle point geometries (2.11) is
then given by
A(bare)RT (a0) =
∫
dr
∫ 2pi
0
dφ
√
det g2d = pi`
∫ q∞
0
dq√
q + q0
= 2pi`
(√
q∞ + (`a0)2 − `a0
)
, (4.7)
where we used q0 = `
2a20 as defined in (2.14). The superscript “bare” means that the minimal
area is not renormalized. This is the classical RT minimal surface area.
4Adding a string probe [49, 50] dual to a 1/2-BPS circular Wilson loop [51, 52, 53] to the path integral
method reviewed in Section 2, we have precisely reproduced the Airy function part of the 1/2-BPS Wilson
loop computed by a Fermi gas approach to the ABJM theory [54].
5The fact that this is minimal can easily be understood as follows: For a generic embedding r = r(τ, σ) and
φ = φ(τ, σ) with the worldsheet coordinates (τ, σ), the Nambu-Goto Lagrangian reads LNG = L(r˙φ′ − φ˙r′).
This is minimal for any embedding, and we can, in particular, choose (r, φ) = (τ, σ) which gives the induced
metric on the minimal surface (4.6).
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Figure 5: The RT minimal surface for the entangling φ-circle at θ = 0: It is topologically a
disk with a conic singularity at q = 0.
We now propose that the quantum-corrected RT minimal surface is given by the quantum
gravity average
A(bare)qRT =
〈
A(bare)RT (a0)
〉
QG
≡ ZG(S3)−1 N
2pii
∫
C
da0A(bare)RT (a0)e
3V3`
2
8piGN
( 13a30−a0)
q∞→∞−→ 2pi`√q∞ − 2pi`
2
ZG(S3)
N
2pii
∫
C
da0 a0 e
3pi`2
4GN
( 13a30−a0) , (4.8)
where the normalization factor N = ( 3V3`2
8piGN
)
1
3 such that 〈1〉QG = 1. Note that this is a
different observable from Wilson loops. Formally speaking, it appears to be identical to a
vev of the logarithm of Wilson loops. As we expected, this quantum-corrected area yields
the localized part of the entanglement entropy
S(bare)qRT ≡
A(bare)qRT
4GN
=
pi`
2GN
√
q∞ +
2
3
(
3pi`2
4GN
) 2
3 Z ′G(S3)
ZG(S3) = Sdiv + SqRT , (4.9)
where we defined the divergent q∞-dependent part of the entanglement entropy Sdiv =
pi`
2GN
√
q∞. As advertized in (4.5), we have thus shown that the localized part of the en-
tanglement entropy is indeed the quantum-corrected RT minimal surface area (divided by
4GN). Note that the renormalized finite part of the quantum RT entropy can be rewritten
and expanded as
SqRT = 1
2
`
∂
∂`
logZG(S3) = −2pi`
2
4GN
− 1
6
+
5
48
(
4GN
3pi`2
)
+O(G2N) , (4.10)
where −2pi`2 in the leading O(G−1N ) term is the regularized area of the 2d hyperbolic space
H2, i.e. the classical RT minimal surface.
We will come back to the divergent part Sdiv in Section 4.3 and show that it is precisely
the divergent contribution obtained via the replica trick for the unrenormalized entanglement
entropy.
4.2 Bulk entanglement
Having identified the localized part with the quantum RT minimal surface area, as indicated
in (4.3), the rest must be the bulk entanglement entropy across the minimal surface (4.6) as
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suggested in [12]:
Sbulk = −2
3
(
3pi`2
4GN
) 2
3 Z ′G(S3)
ZG(S3) + logZG(S
3) . (4.11)
Since the first and the last contributions in (4.3) are not localized anywhere in the bulk
and come from all over the bulk space, it is very intuitive to identify them with the bulk
entanglement entropy. In principle, there could be a Wald-like entropy. However, since there
is no higher derivative correction present in this case, we can exclude the possibility of having
a Wald-like entropy.
Unlike the case of the localized contribution, we have no independent way to check (4.11)
by the technology of this work. We can nonetheless do a simple check with the expected
result established in the earlier literature. Namely, the leading quantum correction to the
bulk contribution is expected to be logarithmic [12, 55]. Indeed, we can explicitly see that
Sbulk =
(
1− 1
2
`
∂
∂`
)
logZG(S3) = 1
6
log
(
GN
48pi4`2
)
+
1
6
− 5GN
108pi`2
+O(G2N) , (4.12)
where we used (4.10). Note that a slightly nontrivial cancellation of the order O(G−1N ) terms
has happened in (4.12).
The leading logarithmic correction is identical to the universal one-loop correction in
11d supergravity on AdS4×X7 computed in [56], where X7 are any compact Einstein seven-
manifolds of positive curvature such as tri-Sasaki Einstein manifolds. It was shown there that
the universal correction is due only to the zero mode of a 2-form ghost for the 3-form field in
11d supergravity. From the pure 4d gravity viewpoint, this is rather puzzling because there
are only gravitons. However, as the cosmological constant can be described by a constant
4-form field strength of the 3-form field, it might be that when we reformulate the path
integrals in terms of the metric plus the 3-form field, our approximations and choice of the
measure can be more rigorously justified.
4.3 Divergences
To be complete, we derive the divergent q∞-dependent entropy in (4.9) via the replica trick.
Since we are now interested in the bare holographic entanglement entropy, we undo the
renormalization by dropping the counter-term action Sct.
From (3.4), it is straightforward to find the divergent part of the action for the replica
geometries
Sdiv(n) = − 3npi
4GN`
[
2
3
q
3
2∞ +
`2
3
(
1 +
2
n
)
q
1
2∞
]
. (4.13)
Then the replica formula computes the q∞-dependent entropy as
Sdiv = − ∂
∂n
log
[
e−Sdiv(n)+nSdiv(1)
]∣∣∣∣
n=1
=
pi`
2GN
√
q∞ . (4.14)
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This precisely agrees with the divergent part of the RT minimal surface area divided by
4GN in (4.9). Note that the bulk contributions from the overall factor of n cancel out and
what is left is the only localized contribution. This implies that there is no divergence in the
quantum corrections to the holographic entanglement entropy.
5 Discussion
By using the replica trick and evaluating the path integrals in the minisuperspace approxima-
tion, in conjunction with the Wheeler-DeWitt equation, we computed the quantum gravity
or 1/N corrections to holographic entanglement entropy to all orders in the GN , or equiv-
alently 1/N2, expansion in the AdS4 gravity. Here we summarize the final results: The
quantum holographic entanglement entropy is minus the free energy on the three sphere
SEE = log Ai
[(
3pi`2
4GN
) 2
3
]
= log Ai
[(
piN2√
2λ
) 2
3
]
(5.1)
which is composed of two distinct contributions; (1) the quantum-corrected Ryu-Takayanagi
minimal surface area, (Only the finite part is presented and see Section 4.3 on the divergent
part.)
SqRT = 1
2
`
∂
∂`
SEE = −2pi`
2
4GN
− 1
6
+
5
48
(
4GN
3pi`2
)
+O(G2N) (5.2)
and (2) the bulk entanglement entropy across the minimal surface,
Sbulk =
(
1− 1
2
`
∂
∂`
)
SEE = 1
6
log
(
GN
48pi4`2
)
+
1
6
− 5
144
(
4GN
3pi`2
)
+O(G2N) . (5.3)
This provides a concrete example of quantum holographic entanglement entropy proposed
by Faulkner, Lewkowycz and Maldacena [12]. The minimal surface (4.6) in the saddle point
geometries (2.11) coincides with the classical RT minimal surface at q0 = `
2 but is otherwise
an off-shell generalization. However, it is not clear how it can be understood as a quantum
extremal surface as suggested by Engelhardt and Wall [57]. It would, of course, be very
interesting to find a way to connect the minimal surface (4.6) and the quantum extremal
surface of the generalized entropy.
An obvious and potentially interesting generalization of this work is to study qauntum
HEE for non-maximal circular entangling surfaces, i.e. the cases of the surfaces at θ = θ0 6= 0.
In these generalizations, the boundary S3 is divided into the region A = {(θ, φ, λ)| 0 ≤ θ ≤
θ0, 0 ≤ φ, λ ≤ 2pi} and its complement A¯. Thus there may be a way to directly use the
reduced density matrix ρA = TrA¯ρ, by splitting the WDW wavefunction into the A and
A¯ Hilbert spaces, to calculate quantum HEE. This might shed light on and provide some
insights into the meaning and interpretation of the WDW wavefunction as a “wavefunction
of the universe.”
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Finally, given a rather remarkable success of our simple (and simplistic) approach to the
study of quantum gravity and 1/N corrections, it is worthwhile to push the envelop further
and test the applicability of this approach. Of particular interest is its application to the
microstate counting of AdS4 magnetic black holes for which the agreement between gravity
and dual gauge theory results has been established at large N [58]. (See [59] for a review
and more recent developments.)
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A Computational details for minisuperspace action
For completeness, we present a detailed derivation of the gravity action in the minisuperspace
approximation as well as the WDW equation for arbitrary dimensions d+ 1.
The Euclidean gravity action is defined as
SEH + SGH = − 1
16piGN
∫
M
dd+1x
√
g (R− 2Λ) + 1
8piGN
∫
∂M
ddx
√
γΘ (A.1)
with the negative the cosmological constant
Λ = −d(d− 1)
2`2
. (A.2)
The minisuperspace ansatz for the metric is given by
ds2 = gµνdx
µdxν = L2(r)dr2 + a2(r)dΩ2d , (A.3)
where dΩ2d is a metric on the d-dimensional sphere with the volume
Vd =
∫
dΩd =
2pi
d+1
2
Γ
(
d+1
2
) . (A.4)
The Ricci scalar can be expressed in terms of the laps and the scale factor as
R = d(d− 1)
[
1
a2(r)
− a
′(r)2
a2(r)L2(r)
]
+ 2d
[
a′(r)L′(r)
a(r)L(r)3
− a
′′(r)
a(r)L2(r)
]
. (A.5)
15
Meanwhile, the extrinsic curvature is defined by
Θµν = −1
2
(∇µnˆν +∇νnˆµ) , (A.6)
and for the boundary at constant r we have the normal vectors
nˆµ = L−1(r)δµ,r , gµνnˆµnˆν = 1 (A.7)
so that
Θ = −gµν∇µnˆν = L
′(r)
L2(r)
− ΓµµrL−1(r) = −
d a′(r)
L(r)a(r)
, (A.8)
where we used the nonvanishing components of the Christoffel symbols
Γrrr =
L′(r)
L(r)
, Γθiθir =
a′(r)
a(r)
. (A.9)
The Einstein-Hilbert action then becomes
− 1
16piGN
∫
M
dd+1x
√
g(R− 2Λ) = − Vd
16piGN
∫
drL(r)
[
d(d− 1)ad−2(r)
(
1 +
a′(r)2
L2(r)
)]
+
Vd
8piGN
∫
drL(r)Λad(r) +
Vdd
8piGN
∫
dr∂r
(
ad−1(r)
a′(r)
L(r)
)
. (A.10)
On the other hand, the Gibbons-Hawking-York boundary term [25, 26]
1
8piGN
∫
∂M
ddx
√
γΘ = − Vdd
8piGN
[
ad−1(r)a′(r)
L(r)
]
bdy
(A.11)
precisely cancels the boundary contribution from the bulk action and we have
SEH + SGH = − Vd
8piGN
∫
drL
[
d(d− 1)
2
ad−2
(
1 +
a′2
L2
)
− Λad
]
. (A.12)
Next, for the canonical kinetic term, we first redefine the laps function L → Lad−4 and the
introduce a new variable q = a2 that brings us to
SEH + SGH = − Vd
8piGN
∫
dr
[
d(d− 1)
2
q′2
4L
+ L
(
d(d− 1)
2
qd−3 − Λqd−2
)]
. (A.13)
For d = 3 this reproduces the action used in the main text.
To subtract the divergences we use the standard counter-term action [28, 29, 30]6
Sct =
1
8piGN
∫
∂M
√
γ
(
d− 1
`
+
`
2(d− 2)Rc(r)
)
(A.14)
6This counter-term action is valid for d = 2, 3, 4 i.e. AdS3,4,5 and for d = 2 i.e. AdS3 we only take the
first term.
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where
√
γ = ad(r)dΩd and the Ricci scalar of the induced metric at constant r is
Rc(r) =
d(d− 1)
a2(r)
. (A.15)
Finally, we derive the Wheeler-DeWitt equation from (A.13): We first define the canonical
“momentum” conjugate to q(r)
p ≡ ∂L
∂q′
= − Vd
8piGN
d(d− 1)
4L
q′ . (A.16)
By the Legendre transformation H = q′p− L, we find the “Hamiltonian”
H = LHˆ = − 16piGN
Vdd(d− 1)L
[
p2 −
(
d(d− 1)Vd
16piGN`
)2 (
`2qd−3 + qd−2
)]
. (A.17)
By using the differential form of the momentum, p = ~ d
dq
, we arrive at the Hamiltonian
constraint, or the Wheeler-DeWitt equation, for the wavefunction
HˆΨ(q) =
[
~2
d2
dq2
−
(
d(d− 1)Vd
16piGN`
)2 (
`2qd−3 + qd−2
)]
Ψ(q) = 0 . (A.18)
In four dimensions (d = 3), this becomes the Airy equation. It is also intriguing to note that
in 5 dimensions (d = 4) the equation can be written in the form of the Schro¨dinger equation
for a simple harmonic oscillator whose solution is given in terms of Hermite polynomials.
B Computational details for replica geometries
In this appendix, we provide computational details for the derivation of the minisuperspace
action (3.4) for the replica geometries. The metric of our interest is of the form
ds2 = e2g(r)dr2 + e2h(r)ds23 , (B.1)
where ds23 = δabe
aeb in terms of tribein 1-forms. An efficient way to compute the scalar
curvature is to first compute the curvature 2-form:
RAB = dω
A
B + ω
A
C ∧ ωCB with deA + ωAB ∧ eB = 0 , (B.2)
where eA is a vierbein and labeled by the indices A = (r, a) with a = 1, 2, 3. For the metric
(B.1) it takes the form
eA =
(
eg(r)dr, eh(r)ea
)
. (B.3)
The spin connection ωAB is found by solving
ωra ∧ ea = 0 , eh (h′dr ∧ ea + dea) + egωar ∧ dr + ehωab ∧ eb = 0 . (B.4)
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These equations split into
ωra ∧ ea = 0 , dr ∧
(
ehh′ea − egωar
)
= 0 , dea + ωab ∧ eb = 0 . (B.5)
The first two equations can be solved to
ωar = −ωra = eh−gh′ea . (B.6)
The straightforward computation then yields
Rrr = 0 , (B.7)
Rra = −
(
eh−gh′
)′
dr ∧ ea − eh−gh′(dea + eb ∧ ωba) = −
(
eh−gh′
)′
dr ∧ ea , (B.8)
Rab = dω
a
b + ω
a
c ∧ ωcb + ωar ∧ ωrb = dωab + ωac ∧ ωcb − (eh−gh′)2ea ∧ eb . (B.9)
In order to convert them into the Riemann tensor, we first note that
RAB =
1
2
RABCDe
C ∧ eD = 1
2
RABµνdx
µ ∧ dxν and Rαβµν = E αA eBβRABµν . (B.10)
Then the Ricci tensor is found to be
Rβν ≡ Rαβαν = E αA eBβRABαν = eh−gE αr ebβRrbαν + eg−hE αa erβRarαν + E αa ebβRabαν
= eh−gebβR
r
brν + e
g−hE αa R
a
rανδβr + (R3)βν − 2(eh−gh′)2(g3)βν . (B.11)
This reads
Rrr = −3eg−h
(
eh−gh′
)′
, Rij = −eh−g
(
eh−gh′
)′
(g3)ij + (R3)ij − 2(eh−gh′)2(g3)ij . (B.12)
We thus find that
R = −6e−(g+h) (eh−gh′)′ + e−2h (R3 − 6(eh−gh′)2) . (B.13)
As a check, in the case of AdS4, since e
2h = e−2g = r2 − 1, we find that
Rrr = − 3
r2 − 1 = −3grr , Rij = −3(r
2 − 1)(g3)ij = −3gij . (B.14)
In our application the metric is parametrized by
e2g(r) = L2/q(r) , e2h(r) = q(r) . (B.15)
The Lagrangian for the Einstein-Hilbert action can then be calculated as
LEH = √gR = 3 cos θ sin θ
[
−qq
′′
L
+
L
3
R3 − q
′2
2L
]
= 6 cos θ sin θ
[
− d
dr
(
qq′
2L
)
+
q′2
4L
+ L+
L
3 sin θ cos θ
(
1
n
− 1
)
δ(θ)
]
. (B.16)
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